BC 3
Dragging Along

Name:

Take a rock in your hand and throw it straight upward into the air. It rises a short distance and
then falls back to the ground. For very practical purposes, we normally assume that the
acceleration on this rock is –g, the effect of gravity. Very convenient, for we are able to solve
this differential equation.
For example, assume that g = 9.8 m/s2, v(0) = 6 m/s, and s(0) = 1.5 m. With a little effort,
we find s(t) = -4.9t 2 + 6t + 1.5 . This model allows students to work with a situation they can
understand. Moreover, the antiderivatives and the initial conditions are both manageable.
Though this model is easy to work with, it's a little short of reality. This time, we'll take
air drag into account, but we'll simplify the scenario.
This time, assume our rock is dropped off the edge of a high cliff. There is still the force
of gravity, and we'll now assume the effect of air drag is proportional to the square of the
velocity.
In which direction is the force of gravity?
In which direction is the force of air drag?
What is the size of this part?
(from the descriptive line above.)
Add these parts together to obtain: a = v' =
For our small rock, a value of k = .012 is reasonable, giving us v' = –9.8 + .012v2.
With this model, the rock begins with 0 velocity and then gains speed initially. That is, the
velocity becomes more negative since it is falling downward. With more time, however, the
velocity approaches a constant. This is called the terminal velocity.
Use technology to sketch the slope field. What does the slope field suggest as the approximate
value of the terminal velocity?

For this differential equation, find this value of the terminal velocity.
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Want more physics?
Most models for air resistance are c × v p , where c and p constants. In fact, almost always,
p = 1 or p = 2. The values of c and p depend on the size and nature of the object and on the air (or
other surrounding medium.) For a skydiver, p =1. Generally, p = 1 for things that move slowly.
A sphere in thick liquid, sedimentation, snowflakes, and skydivers follow this model fairly well.
Objects that move faster – a rock through the air, racecars, airplanes – are modeled best with
p = 2.
More generally, we consider F = ma, or Force = mass  acceleration, known as Newton's
Second Law. This gives
ma = Fgravity + Fair resistance .
Assuming that a positive direction is upwards and g is either 9.8 m/s2 or 32 ft/s2, if we happen to
be here on earth, then Fgravity = -mg . Also Fair resistance = c × v p , where c is chosen so that c × v p > 0 ,
since this needs to be upwards, against the force of gravity and against the direction of v.
Putting these together, we have
ma = -mg + c × v p .
Divide by m:
c
a = -g + × v p Þ v' = -g + k × v p ,
m
if we introduce the new constant k. This takes on the form of the equation on the first page. Note
that in that case, p = 2, so that k = .012 > 0 does guarantee that the two parts of v' do have
different signs from forces in opposite directions.
But what about that skydiver still floating around since the 1997 AP exam (AB/BC 6)?
In that problem,
dv
= -2v - 32 .
dt
Using g = 32 ft/s2, this model does seem to fit the basic form of the DE shown above. Here,
p = 1, rather than the 2 used in the first problem. (Note that a body with a parachute does behave
differently than a small rock.) But why do both of the pieces have negative signs in this
problem? It's important to check this out. With p = 1 and v < 0, this does in fact assure us that
–2v will be positive as desired. This does imply (as hoped!) that gravity and air resistance are
pulling in opposite directions.
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